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AHHOTaLI,H5I 

B ;];aHHOH pa6oTe paccMaxpHBaiOTCH HTepaTHBHbie npono3HLi,HOHajibHbie hchhcjib- 
HHS, npe;];cTaBjiHK)iri;He co6oh KoneHHbie MHOJKecxBa npono3Hii,HOHajibHbix cpopMyji bmb- 
cxe c onepapneli modus ponens h onepapHeii cynepno3Hii;HH, aapaHHolt mhojkbcxbom 
onepapHH MajibpeBa. JlfSia xaKHX hchhcjibhiih iisynaexca Bonpoc paBpeniHMOcxH npo- 
6jieMbi BbiBopHMOcxH (JjopMyji. B pa6oxe nocxpoeno Hepa3pemHMoe HxepaxHBHoe npo- 
noBHpHOHajibHoe HCHHCJieHHe, aKCHOMbi Koxoporo 3aBncHx ox xpex nepeMeHHbix. BbiBop 
(popMyji B paHHOM HCHHCJieHHH MopejiHpyex npopecc pemeHHe npo6jieMbi cooxBexcxBHfi 
riocxa. B HacxHocxH, b pa6oxe poKaBano, hxo oGipaa npo6jieMa BbipaaHMocxH pjia Hxe- 
paxHBHbix nponoBHpHOHajibHbix HCHHCJieHHH ajiropHXMHaecKH HepaapeniHivia. 

KjiKJHeBbie cjiOBa: HxepaTHBHoe nponoanpHOHajibHoe HCHHCJienHe, npoOjieMa bmbophmo- 
CTH, npoOjieMa BBipasHMocxH, npoOjieMa cooxBexcxBHii Hocxa. 


BBe^GHHe 

riponoaHpHOHajiBHoe HCHHCJieHne b oOipeM Bnpe npepcxaBjiaex co6oh napy — KOHennoe mho- 
jKecxBO npono3Hn,HOHajiBHBix cjBopMyji b neKoxopon CHxnaxype h MHoacecxBO onepapn® nap 
3XHMH (JiopMyjiaMH. Bonpoc o paapeniHMocxH xaxnx HCHHCJieHHil BnepBBie 6 biji nocxaBjien 
TapCKHM na B 1946 ropy. 

B KjiaccHHecKOM nopxope b KanecxBe onepapHfi BBiBopa b nponosHpHOHajiBHBix hchhc- 
jieHHax BBicxynaiox onepapna modus ponens (h3 cjBopMyji A n A ^ B BBiBopHMa cjBopMyjia 
B) H onepapna nodcmauoeKu (h3 cjBopMyjibi A{x) BBiBopHMa cjBopMyjia A{B) pjia jnoGoii 
(jBopMyjiBi B). CyipecxBOBaHHe Hepa3pemHMoro npono3Hn;HOHajiBHoro HCHHCJienHH, a xax- 
jKe ajiropHXMHHecKaa Hepa3pemHMocxB mhofhx npo6jieM pjia KjiaccHHecKoro HCHHCJienHH 
BBicKa3BiBaHHH Gbijia BnepBBie ycxanoBjiena b 1949 ropy JlnnnajioM n IIocxom jT2]. Anajio- 
rnnHBie pe3yjiBxaxBi pjia iinxynpHonncxcKoro HcnHcnenna BBicKaBBiBaniin Gbijih nojiynenri 
Ky3HepoBBiM [3] b 1963 ropy. HcxopnnecKHn o63op Kopnyca ajiropnxMnnecKH nepaBpemn- 
MBix npo6jieM pjin KjiaccnnecKHX nponoBHpnonajiBHBix ncnncjieHHH mojkho nafixn b PSQ]. 
B nacxHocxH, b [10] npnBepen HcxopiinecKHii o63op MexopoB poKa3axejiBcxBa nepaBpeniHMBix 
CBOHCXB XaKHX HCnHCJieHHH. 

AnajiiiB MopejinpoBanna ajiropnxMHnecKii nepaBpeniHMBix npo6jieM c noMoiprio Kjiaccn- 
necKHX nponoBHpnonajiBHBix ncnncjieHHH [lO] noKa3aji, nxo oho no GojiBinoMy cnexy ocno- 
BBiBaexcn na Hajinnnn b Hcnncnennax onepapnn nopcxanoBKH. Be3 onepapnn nopcxanoBKH 
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He y^aeTCH cMo^ejinpoBaTL. hh o^ny ajiropHXMHHecKH HepaapeniHMyio npoGjieMy. C ;];pyroH 
CTOpOHbl, eCJIH paCCMOTpeXL. (JiyHKpHOHajIHHbie CHCXeMbl K0HeHH03HaHHL.IX (|)yHKn,HH, r^e 
BMecxo onepapHH no^cxanoBKH HcnojiBsyexcH 6ojiee cjiaGaa onepav^uH cynepnoauv^uu, o6bih- 
Ho sa^aBaeMaH coBOKynnocxHio onepapHH MajinpeBa |^, xo nejiBSH ne o6paxHXB BHHMaHHe 
Ha xo, Hxo Gojibhihhcxbo npoGjieM ^jih sxhx chcxcm, HaoGopox, ajiropnxMHHecKH paapemn- 
MBi. 3xh HaGjHo^eHHH sacxaBjiHiox sa^yMaxBCH o Heo6xoflHMocxH HcnojiBsoBaHHH onepapHH 
HOflcxaHOBKH BMecxo 6ojiee cjiaGoii onepapHH cynepno3HH,HH. 

KaK oxMenaex LI,hxkhh b m, B 1965 ro^y KyanepoB |3] BnepBBie bbcji b paccMcxpenne 
onepapHio cAa6ou nodcmanoeKu (h3 (j3opMyji A{x) h B BBiBopHMa cJiopMyjia A{B)) KaK npa- 

BHJIO BBIBOpa B HCHHCJieHHHX. B j 5 l E] paHHOe npaBHJIO H npaBHJIO aaMeHBI OKBHBajieHXHBIM 
HCn0JIB30BajIHCB PJIH OHpepejieHHH BBipaaHMOCXH (JiOpMyjI B XOH HJIH HHOH JIOXHKe OXHOCH- 
xejiBHOH HeKoxopoH cHcxeMBi (|)opMyji. riocKOJiBKy cjiaGyio nopcxaHOBKy mojkho npepcxa- 
BHXB B BHpe KOHeHHOH HocjiepoBaxejiBHocxH onepapHH MajiBpeBa, xo b jl] pannyio onepa- 
pHio Gbijio npHHHxo HaaBaxb onepapneH cynepnoanpHn (j3opMyji, a HCHHCJieHHH, b Koxopnix 
BMecxo onepapHH nopcxanoBKH HcnojiBayexcH onepapHH cynepnoanpHH, — HxepaxHBHBiMH, 
BBHpy Hx cxojKecxH c HxepaxHBHBiMH ajixeGpaMH riocxa, BBepeHHBiMH MajiBpeBBiM [8]. 

B paHHoii pa6oxe 6ypex noKaaano, hxo ocjia6jieHHe onepapHH nopcxanoBKH ne no3BOJiH- 
ex HOJiHocxBio H36aBHXBCH OX HepaapeHiHMocxH HCHHCJieHHii. B HacxHocxH, 6ypex nocxpoeno 
HxepaxHBHoe nponoanpHOHajiBHoe HCHHCJieHHe c HepaapeniHMOH npo6jieMOH bbibophmocxh 
4)opMyji, HXO poKaaBiBaex ajiropnxMHHecKyio HepaapeniHMocxB oGmen npo6jieMBi BBipaan- 
MOCXH PJIH XaKHX HCHHCJieHHH. 


Onpe^ejieHHii h ocHOBHbie pesyjibTaxbi 

Hanajia nanoMHHM HeKoxopnie hohhxhh. PaccMoxpHM hbbik, cocxoamnii h 3 cnexHoro 
MHOJKecxBa npono3HH,HOHajiBHBix nepeMeHHBix V h Konennoe mhojkocxbo jioxHHecKHx cbh30k 
S, Koxopoe 6ypeM naabiBaxH cHrnaxypoH. ByKBaMH x,y,p 6ypeM oGoananaxH nepeMeHHBie. 
KaK npaBHJIO, jioxHHecKHe cbhbkh ynapHBie hjih GnHapHBie, nanpHMep, V, A hjih —>■. 

IIponoauyuoHajihHue ^opMyAU hjih T,-c^opMyAU cxpoaxcH h 3 jioxHHecKHx cbhbok S h 
nepeMeHHBix V o6bihhbim o6pa30M. HanpHMep, cjiepyioipHe oGoaHaneHnn 

X, {Ay B), (AAB), (A^B) 

HBjiHioxcH (JiopMyjiaMH B cHXHaxype {-I, V, A, SarjiaBHBie 6yKBBi A, B, C 6ypyx hchojib- 
aoBaxBCH pjiH o6o3HaHeHH5i (|iopMyji. /I,ajiee ycjioBHMcn onycKaxB BHemnne cko6kh, a xaKxce 
CKo6kH, 0pH03HaHH0 BOCCXaHaBJIHBaeMBie H3 HaCXHHHOrO HOpapKa JIOXHHeCKHX CB5I30K. 

Hmepamuenoe nponoauyuoHaAhHoe ucnucAenue P nap mhojkbcxbom jioxHHecKHx cbhbok 
S 3X0 napa, cocxoaipaH h 3 KoneHHoro MHoncecxBa S-(|iopMyji P, HaaniBaeMBix ancuoMaMu, 
H pByx npaBHji BBiBopa: 

1) modus ponens 

A,A^ By B-, 

2) cynepnoauyuA (coBOKynnocxH onepapHH MajinpeBa) 

A{x),By A{B). 

06o3HaHHM Hepea [P] mhojkocxbo bbibophmbix (hjih poKaayeMBix) cjiopMyji HCHHCJieHHH 
P. Bueod B P H3 aKCHOM c HOMoipBio npaBHji BBiBopa onpepejiHexcH oGbihhbim o6pa30M. 
Bbibophmocxb (JiopMyjiBi A VL3 P 6ypeM oGoananaxH nepea P h ^4. 
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licHHCJieHHe V 6y^eM HasbiBaxb paspeiuuMUM, ecjin cymecTByex ajiropnxM, Koxopbifl no 
npoH3BOJibHOH (JiopMyjie A oxBenaex na Bonpoc: P \- A7 Ochobhbim peayjibxaxoM cannon 
paGoxbi nBjinexcn cjie^yionian xeopeMa. 

TeopeMa 1. Cyipecmeyem nepaspemuMoe umepamuenoe nponosuyuonaAbHoe uchucachuc. 

Onpe^ejiHM na MHoncecxae Bcex nponoanpnoHajibnbix HcnncjieHnn npe^nopn^OK. By^eM 
nncaxb Pi < P2 (hjih P2 > Pi), ecjin Kanc^^an BbiBo^HMan b Pi cJiopMyjia xaKxce BbiBo^HMa b 
P2, x.e. [Pi] C [P2]. npo6AeMa eupaauMocmu ^jih nponoanpnoHajibnbix ncnncjieHHn cocxonx 
B cjie^yiomeM: no A^yM ncnncjiennHM Pi n P2 xpe6yexcn oxBexnxb na Bonpoc Pi < P2? Kan 
cjie^cxBHe H3 TeopeMbi [T] HMeeM. 

Cjie^CTBHe 1. npo6AeMa eupaauMocmu Oaa umepamuenux nponosuyuonaAbHux uchucac- 
Huu aAsopumMUHecKU nepaspemuMa. 


^OKasaTejibCTBO ocHOBHoro pesyjibTaxa 

ripejK^e neM ^oKa3biBaxb ocnoBnon pe3yjibxax, mm nanoMnnM npo 6 jieMy cooxBexcxBnn Ho- 
cxa. ^ojiee mm 3aKo^HpyeM cjioBa Konennoro ajicJiaBHxa npono3Hn;HonajibnbiMH cJiopMyjiaMn 
H (|)opMajibno flOKajKOM cBeflennn npo 6 jieMbi cooxBexcxBnn Hocxa k npo 6 jieMe BbiBo^a 4)op- 
Myji B nocxpoennoM nxepaxHBnoM Hcnncjiennn. 

npo6jieMa COOTBeTCTBHH IloCTa 

PaccMoxpHM KonennbiH ajicJiaBHx A, coflepncan^nn no Kpannen Mepe ^Ba cHMBOJia. 06o3na- 
nHM nepe3 A'^ MnoncecxBo nenycxbix cjiob b ajicJiaBHxe A. npo6AeMa coomeemcmeuu IJo- 
cma [H] fljin ajicJiaBHxa A cocxonx b cjie^yiomeM. /Jjin nocjie^oBaxejibnocxn 11 nap nenycxbix 
CJIOB B aji(|)aBHxe A 

(ai,/?i),(a2,/?2),---,(a^,/3M) 

xpeGyexcn onpe^ejinxb, cyipecxByiox jin xaxoe naxypajibnoe nncjio > 1 n xanne nn^cKCbi 
P, ..., G {1, ..., /i}, nxo Bbinojineno xojk^ccxbo 

■ ■ ■ ^iN • • • l^iN' 

OaKx cymecxBOBannn xanoro pemennn 6 y^eM o6o3nanaxb nepe3 11 J,. 

^jin narjin^nocxH paccMoxpnM cjic^yiomnn npnMcp. Ilycxb ^an ajicjiaanx {a, b} n xpn 
napbi nenycxbix cjiob h 3 ^annoro ajicJiaBHxa 

(«!, /3l), ( 02 , /32), ( 03 , /^s), 

r^e ai = a, 02 = ab, = bba n f3i = baa, (^2 = oo, /^s = bb. Tor^a o^nnM h 3 pemennn 
npo 6 jieMbi cooxBexcxBHH Hocxa ^jin cannon nocjie^oBaxejibnocxn Gy^ex iV = 4 n nn^eKCbi 

ii = 3, *2 = 2 , *3 = 3, H = 1; 

a 3 Q! 2 a 3 ai = bba + ab + bba + a = bbaabbbaa = bb + aa + bb + baa = (33(32^3(31- 

HocKOJibKy ^ajiee mm Gy^eM cbo^hxb ^annyio npoGjieMy k npoGjieMe bmbo^hmocxh (|iop- 
Myji B HxepaxHBnbix ncnncjiennnx, xo naM Gy^ex y^oGno onpe^ejinxb anajior BbiBo^a peme- 
nnn h 3 nocjie^OBaxejibnocxn nap cjiob H. ^Jin nanajia BBe^CM necKOJibKO BcnoMoraxejibnbix 
KoncxpyKpnn. 
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PaccMOTpHM flBe napbi {a,f3) h (^,C) cjiob b aji(|)aBHTe A. By^eM roBopHXb, hto napa 
{a, (3) dAeMenmapHo eueoduMa b 11 h 3 napBi (^, Q, ecjin HaH^excH xaKoe i G {1,..., /i}, hxo 

a = aA H 13 = I3A. 

OaKx 3jieMeHxapHOH bbibo^hmocxh {a, (3) h 3 (^,C) Sy^eM 3anHCBiBaxB kbk 

PacniHpHM noH3XHe bbibo^hmocxh nap cjiob no xpan3HXHBnocxH. By^eM naBOBCM napy (a, (3) 
eueoduMou b 11 h 3 napw {^,C) ^ 3anHCBiBaxB sxo nan 

K.O 

ecjiH cyipecxByex nocjie^oBaxejiBnocxB nap cjiob (.^1, ^1),..., {^n, (n) xanan, nxo 

1 . 6 = e H Cl = c, 

2. OH (3 j 

3- (6, 0) (Ci+I, O+i) Bcex 1 < i < n - 1. 

IlocjieflOBaxejiBHocxB nap (^1, Cl), • • •, (C^, C^) c flannBiMH cBoncxBaMn Gyppu naBWBaxB eu- 
eodoM napw {a, (3) h 3 napw (^, () b B. Ho onpe^ejicnnio 6yfleM cnnxaxB, nxo {a, (3) {a, (3) 

fljin jiioGon napw cjiob (o,/?). 

By^cM roBopnxB, nxo napa cjiob {a, f3) b aji(|iaBHxe A eueoduMa h 3 11 n BanncBiBaxn sxo 
KaK 

n h {a, (3), 

ecjiH {a,f3) BBiBo^HMa b 11 h 3 (£,e), x.e. 

(e,e) ^ (a,f3), 


r^e e — oxo nycxoe cjiobo. 

Hxo6bi npoBccxH nojinyio anajiornio c bbibo^om cjiopMyji b nponoBnpnonajiBHBix ncnnc- 
jiennax, onpe^ejiHM onepaxop BaMBiKannn MHOJKCcxBa nap cjiob IT. 06o3HanHM nepe3 [B] 

MHOJKCCXBO BCeX Hap CJIOB, BBIBO^^HMBIX H3 B; 

[B] := {{a, 13) eA+xA+\U h {a, [3)}. 

BecjiojKHo y6e^HXBC3, nxo [•] jiBjinexcn onepaxopoM BaMBiKannH. 

B 1946 ro^y Bocx ^oxaBaji, nxo npo6jieMa cooxbcxcxbhh Bocxa ajiropnxMnnecKn Hepa3- 
peniHMa. 

TeopeMa 2 (Bocx). He cymecmeyem aAzopumMa, pemawmeeo npoSAeuy coomeemcmeuu 
Hocma Bah aA^aeuma A. 

On nameji scJicJieKXHBHBiH cnoco6 Ba^annH o^nopo^^nnix chcxcm npo^^yKpnn Bocxa |13) nocjie- 
flOBaxejiBHocxHMH nap nenycxBix cjiob B b ^ByGynBcnnoM aji(|iaBHxe. BocKOJiBKy cyipecxBy- 
ex CHCxcMa o^nopo^^nnix npo^^yKpnn Bocxa c ajiropnxMnnecKn nepaBpemnMon npoGjiCMon 
ocxanoBKH j7], xo xcm caMWM ^oKaBano cymecxBOBanne MHoncecxBa nap B, ^jia Koxoporo 
MHOJKCCXBO bbibo;];hmbix nap [B] nepaBpeniHMo, x.e. ne cyipecxByex ajiropnxMa, Koxopon no 
npoH3BOJiBHOH nape cjiob {a,/3) oxBenaji 6 bi na Bonpoc, BBiBo^HMa jih {a, 13) h 3 MHoncecxBa 
nap B, x.e. B h {a,/3). TaKHM o6pa30M, Bepna cjie^yioman xeopena, Koxopan nona^oGnxcn 
naM B ^ajiBHenmeM. 
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TeopeMa 3. Cym,ecmeyem MHOofcecmeo nenycmux nap CAoe 11 e ajic^aeume A, djiH Komo- 
poeo MHoatcecmeo [H] nepaapemuMO. 

Ko^HpOBaHHG 6yKB H CJIOB (JjopMyjiaMH 

PaccMOTpHM KOHeHHbiH ajicJiaBHT A = {oi,..., am}- Mbi Gy^eM Ko^HpoBaxb GyxBBi h cjioBa 
ajicJiaBHTa A {—)-}-4)opMyjiaMH ox ^Byx nepeMenHBix. ^jih sxoro mbi (JiHKCHpyeM ynnKajiBHoe 
nepeMCHHoe p G V h BBep;eM oGoaHaHenne 

X —)-j X := {{x —)■ x) —... —x) —)■ a; 

'-V-' 

i 

Ka>Kp;oro i > 1. TaKHM oGpaaoM, x x — sxo cJaopMyjia {x ^ x) ^ x vl x -^2 x — sxo 
(JaopMyjia ((x —)■ x) —)■ x) —)■ x. 

KodoM 6yK6u ai, 1 < i < m, Gyp;eM nasBiBaxB cJaopMyjiy: 

ai[x] := x ^ {{p p) ^ {p ^ p)). 

/],ajiee HHorp;a Gyp;eM onycKaxB aaBHCHMocxB Kop;a ox nepeMennoro x h aanncBiBaxB 
KpaxKocxH Hi BMecxo ai[x]. 

OopMyjiBi An B Gyppu nasBiBaxB coeMecmnuMU, ecjin cyipecxByiox xaKne nop;cxaHOBKH 
a n 71 (JaopMyji bmocxo nepeMenHBix, nxo 


aA = ttB. 

B p;ajiBHeHmeM naM noHap;oGHXBCH cjiep;yioin;aji jieMMa. 

JleMMa 1. (PopMyAU a[x\ u y ^ h[x\ HecoeMecmnu Sah aw6ux a,b ^ A. 

JJoKaaameAhcmeo. Ecjih Gbi cJaopMyjiBi a[a;] n p —)■ b[x] Gbijih coBMecxHBi, xo coBMecxHBiMH 
OKasajiHCB Gbi cJaopMyjiBi p ^ p n [p —)-j p) —)■ {p ^ p), nxo neBOSMoncno nn p;ji5i Kaxoro 
i > 1. JleMMa p;oKa3aHa. □ 

Onpep;ejiHM nonnxne Koda CAoea a G A'^ HnnyK ii nen no p;jiHHe cjiOBa |q;|. Ecjih |q;| = 1, 
xo q; = a neKoxopon GyxBBi a & An Kop; a cjioBa a coBnap;aex c Kop;oM a GyxBBi a. llycxB 
a = }b p;ji5i neKoxopBix (3 G A'^ nb & A, xorp;a Kop; a cjiona a onpep;ejinexc5i cooxHomenneM; 

a[x\ := /9[&[a;]]. 

Kop;oB CJIOB xaKJKe Gyp;eM HHorp;a ncnojiBsoBaxB a bmccxo oi[x\. 

xaKHM oGpaaoM onpep;ejieHHoro Kop;HpoBaHH5i ecxecxBennBiM oGpaaoM 3ap;aHa one- 
papnn KOHKaxenapHH Kop;oB cjiob: 

^ = ac]- 

Kop;oM nycxoro cjioBa e Gyp;eM cnnxaxB cjaopMyjiy e[x\ '■= x. JlexKo BHp;exB, nxo xaxoe onpep;e- 
jienne Kop;a nycxoro cjiOBa corjiacoBano c xcm, nxo ono nBjinexcn nenxpajiBHBiM ojieMenxoM 
oxHocHxejiBHo oHepapHH KOHKaxenapHH. 
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McHHCJiGHHa, Mo^ejiHpyiomHe pemeHHe npo6jieMi>i cootbgtctbhh Ilo- 
CTa 

KajK^OH KOHeHHOH nocjie^oBaTejibHocTH 11 nap nenycTtix cjiob b aji4)aBHTe A 

MBi conocxaBHM HTepaxHBHoe Hcnncnenne Pjj, cocxonn];ee ns cjie^yion^HX xpex rpynn aKcnoM: 

(Ai) ai[x\ _ Vi e {1,... ,m}, 

(As) {aj[x\ l^j[y]) ^ {x^y) Vj G {1,..., p}, 

(As) ai[x] -)■ ai[x\ Vi G {1, , m}. 

V[ajiee mbi noKanceM, nxo ^annoe MHoncecxBo aKcnoM nosBOJinex cMo^ejinpoBaxB npo- 
pecc pemenna npo6jieMBi cooxBexcxBnn Hocxa ^jin nocjie^oBaxejiBHocxn nap cjiob H, x.e. 
cyipecxByex cJiopMyjia, bbibo^ Koxopon b ^annoM Hcnncjiennn paBnocnjien cymecxBOBannio 
pemenna ^jin 11. HanoMnnM, nxo pemenneM npo6jieMBi cooxbcxcxbhh Hocxa ^Jin nocjie^o- 
BaxejiBnocxH nap cjiob H HBjinexcn xanoe naxypajinnoe nncjio iV > 1 n xanne nn^cKCBi 
ii,...,iAf ^ KoxopBix BBinojineno xonc^ecxBO 

* * * PiN ‘ 

Ho fljin nanajia bbc^cm necKOJiBKO oGosnanennn n ^OKanccM BcnoMoraxejiBnBie jicmmbi. 

BbIBO^HMOCTB BbIHHCJIGHHH 

HepBan BcnoMoraxejiBnan jicMMa, Koxopan nona^oGnxcH nam ^ajiee, nonasBiBaex, nxo ns 
aKCHOMBi (Ai) BBiBo^HM KOfl jnoGoxo ncnycxoxo cjioBa B ajicJiaBHxe A. 

JleMMa 2. (Ai) h a dAsi AK)6oeo a G A'^ . 

JJoKasameAhcmeo. /JoKanccM jicMMy nnyyK n nen no ^Jinne cjiOBa a. HycxB a = 

fljin ncKoxoporo n > 1. Ecjih n = 1, xo a HBjinexcn aKcnoMon (Ai) n, cjie^oBaxcjiBno, 

(Ai) h a. 

HycxB n > 1 H yxBepnc^enne jicmmbi Bcpno ^Jin cjiOBa 7 = x.e. 

(Ai) V 7 . 

Tan KaK a = 7 [aj„], xo c noMoipBio onepapnn cynepnoanpnH ns K 07 ;a 7 cjiona 7 n aKcnoMBi 
aj„ BBIB 07 HM K 07 ; a cjioBa a. JIcMMa ^onasana. □ 

CjicflyioipaH jicMMa nonasBiBaex, nxo ancnoM (Ai) n (A 2 ) ^ocxaxonno, nxoGBi cM 07 ;ejiH- 
poBaxB ojicMcnxapnBiH bbibot; b H. 

JleMMa 3. Ecau (C,C) ‘^0 ^ /9 h ^ C- 

/JoKasameAhcmeo. Ecjih (,^, (C) {a, /9), xo ^jin ncKoxoporo i G {1,... , p} BBinojineno 

a = aA H f3 = f3iC. 

Cjie7;oBaxejiBHo, a = oli[^] vl f3 = /9JC]- 
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CorjiaCHO JieMMe[2]H3 aKCHOMtl (Ai) BblBO^^HMbl KO^BI ^ H C CJIOB H C COOTBeXCTBeHHO. 
no9TOMy c noMomBK) onepaii,HH cynepnoanpHH h 3 aKcnoMBi (A2) BBiBo^HMa cJiopMyjia 

^ /^JC]) ^ 0- 

Tor^a HenocpeflCTBeHHOH npoBepKofi yGejK^aeMCH, hto c noMoipBio onepapHH modus ponens 

H3 ^aHHOH (JiopMyjiBi H (JiopMyjiBi o. ^ (3 BBiBo^HMa (JiopMyjia ^ C- JleMMa flOKa3aHa. □ 

HcnojiB3ya HH^yKXHBHoe onpe^ejieHHe BBiBo^a b 11 h jieMMy [21 necjiojKHo yCe^HXBca, 
Hxo HCHHCJieHHe Pn no3BOJi3ex Mo^ejiHpoBaxB jiioGoh bbibo^ b IT. 

CjieflcxBHe 2. PcytM (^,C) ^ (a,/3), mo Pn, (a /3) h C)- 


BblHHCJIGHHe BblBO^HMblX (J)OpMyjI 


JXjlii npoH3BOJiBHOH napBi CJIOB {a,f3) b ajicJiaBHxe A o6o3HaHHM Hepe3 P{a,/ 3 ) mhojkccxbo 
KOflOB nap CJIOB, h3 Koxopwx BBiBOflHMa napa {a, (3): 

Pia,p) := {e^CI(e,C)^(a,/ 9 )}- 

5Icho, nxo a — )■ /9 G P{a,p)- 

,ZI,ji5i npoH3BOJiBHOH (JiopMyjiBi A o6o3HaniiM nepe3 A* mhojkccxbo no^cxanoBonnBix Ba- 
pnanxoB (JiopMyjiBi A, x.e. 

A* := {aA I a — no^cxanoBKa (|iopMyji bmccxo nepcMennBix}. 
npOHBBOJIBHOrO MHOJKCCXBa (JlOpMyjI M nOJIOJKIIM 

M* := IJ A*. 

AeM 


TaKJKc onpe^ejiHM mhojkccxbo 

Pv := {(x x) ^ (x ^ x) I i > 1, X e V}. 


Cjie^yiomaji jicMMa oniicwBaex mhojkccxbo bbibo^hmbix b ncnncjicHnn Pn cjiopMyji. 

JleMMa 4 . [Pn U {a —^ /?}] C P^ U P*a, 0 ) U Py U V. 

J^OKasameAbcmeo. AoKa3axejiBCXBO Gy^CM bccxh unnyK Ti nen no ^Jinne BBiBo^a n. Ecjih n = 

0, xo HMCiox Mecxo BKjnonennn 

Pn C Pn H a ^ (3 e P^a^p)- 

IlycxB yxBcpjK^enne jicmmbi Bcpno ^Jin n > 1, ^OKanccM ero ^Jin n + 1. IIocKOJiBKy npanan 
nacxB BKjnonennn 3aMKnyxa oxnocnxejinno onepapnn cynepnoBnpHH, xo ^ocxaxonno pac- 
CMOxpexB xojiBKO cjiynafl npHMenennH onepapnn modus ponens. PaccMoxpnM npoH3BOJiBnyio 
(JiopMyjiy B, fljinna BBiBo^a Koxopon panna n + 1, n nycxB (|iopMyjiBi A n A —)■ P hmciox 
BB iBOfl B Pn U {a —)■ / 9 }, fljinna Koxoporo ne npcBocxo^nx n ^jin ncKoxopon (|iopMyjiBi A. 

Ecjih A ^ B E P*^ , xo (|iopMyjia B ecxB no^cxanoBonnwH Bapnanx Ko^a nenoxoporo 

cjioBa B aji(|iaBHxe A. Hecjioncno yGe^nxBCH, nxo ^annoe cjiobo ne Moncex 6 bixb nycxwM, x.k. 
B npoxHBnoM cjiynae ^jinna BBiBo^a B 6hijia 6hi Menniue n + 1, nxo npoxHBopennx BBiGopy 
(jiopMyjiBi B. Cjie^oBaxejiBno, B aBjinexcn noflcxanoBonnwM BapnanxoM aKcnoMw (Ai). 

IIocKOJiBKy A ne aBjinexcn cjiopMyjion BH^a (x —)■* x) nn ^jih Kanoro i>l, xoA— )-P^ 
Py U V. IlosxoMy A —)■ P G Pn H ocxaexcn paccMoxpexB xojibko cjiB^yiomne xpn cjiynan: 
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Cjiynaii 1. A ^ B — sto noflCTaHOBOHHbm BapnanT aKCHOMBi (Ai), xor^a B E P^. 

Cjiynaii 2. A ^ B — sto no^cxaHOBOHHBm Bapnanx aKcnoMbi (A2). HecjiojKHofl npoBep- 
KOH y6e>K^aeMCH, hxo A G P*ap)- nosxoMy A aBjiHexcH no^cxaHOBOHHBiM BapnaHxoM 

4)opMyjiBi 

A[C] 

fljia HeKoxopBix cjiob xaxHX, hxo 

AC) ^ 

Tor^a B aBjiHexca no^cxaHOBOHHBiM BapnaHXOM (|)opMyjiBi C C; npaneM (C,C) 

(aA, AO- Cjie^oBaxejiBHo, B e P*a,(S)- 

Cjiynaii 3 . A ^ B — sxo no^cxaHOBOHHBm Bapnanx aKcnoMBi (A 3 ), xor^a A = B, hxo 
npoxHBopeHHx BBiGopy (|)opMyjiBi B. 

/JaHHBie cjiynan HCKjiioHaiox Bce BosMoxcHBie BapnaHXBi. JleMMa ^oKasana. □ 

Kax cjie^cxBHe h 3 JleMMBi 0] HMeeM. 

Cjie^cxBHe 3. Ecau Pn,^ (3 h C C; (Cj C) {^(,(3). 

/(oKasameAhcmeo. Ecjih Pu,^ (3 h ^ C, xo corjiacHo JleMMe 0] BBinojiHeno 

e^Ce^AuP(A^)UP^uv. 

Ecjih cjioBa C nenycxBie, xo ^ C ^ Pn no JIcmmc 01 Ecjih xoxh 6bi o^ho h3 cjiob 
C nycxoe, xo ^ C ^ Pq bbihojihcho corjiacHo BBi6paHHOMy cnocoGy Ko^HpoBaHHH 6yKB h 
CJIOB (JiopMyjiaMH. JlexKo yGe^HXBCH, hxo xaxjKe bbihojihcho 

c ^ c ^ U V. 

SnaHHx, ^ ^ C E ^{a 13) cjie^oBaxcjiBHo, (C,C) (<^)/^) corjiacHo onpe^cjicHHio mhojkc- 

CXBa P{a,l3)- CjIC^CXBHC flOKa 3 aHO. □ 

CBe^GHHe npoGjiGMbi cootbgtctbhh IlocTa 

06x.eflHHHH Cjie^CXBHH [2] H [3] MBI npHXO^HM K CJIC^yiOipeH KJHOHCBOH JICMMC. 

JleMMa 5. (^, C) (a, l3) ^ Pn, a —>■ /9 ^ C C- 

Cjic^yroipaH xeopcMa onncBiBaex cjiopMajiBHoe CBCflCHHc npoGjicMBi cooxbcxcxbhh Ilocxa 
fljia Hocjie^oBaxcjiBHocxH 11 k npoGjicMc BBiBo^a cJiopMyji b HxepaxHBHOM hchhcjichhh Pn- 


TeopeMa 4 . 11 moeda u moAhKo moeda, Koeda Pq E (x ^ x). 


/^oKasamejihcmeo. Ho onpe^ejieHHio npo6jieMa cooTBexcTBHH IlocTa ^jih bxo^hoh nocjie^o- 
BaxejiBHocTH n HMeex pemeHne, ecjin 


{e,e) ^ (7,7) 

HeKoxoporo nenycxoro cjioBa 7 G Ho JleMMe [ 5 ] 7;aHHoe ycjioBHe paBHocHJiBHo bbi- 
bo7;hmocxh 

Pn, 7—^7 1“ X ^ X. 

IIocKOjiBKy (JiopMyjia 7^7 BBiB 07 ,HMa B Pn flJia JiioGoro nenycxoro cjiona 7 G Tl’*', mbi 
nojiynaeM, nxo npo6jieMa cooxBexcxBnn Hocxa 7;ji3 Bxo7,noH nocjie7;oBaxejiBnocxH 11 HMeex 
pemenne xor 7 ;a n xojibko xor 7 ;a, Kor 7 ;a Pn 1“ (x —)■ x). TeopeMa 7,OKa3aHa. □ 

Kan cjie7;cxBHe h3 TeopeM | 3 ] n H] mbi HMeeM 7,oKa3axejiBcxBo TeopeMBi [ 1 ] 
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